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Abstract. We prove that the notion of Drinfeld center defines a functor from 
the category of indecomposable multi-tensor categories with morphisms given 
by bimodules to that of braided tensor categories with morphisms given by 
monoidal bimodules. Moreover, we apply some ideas in physics to prove that 
the center functor restricted to indecomposable multi-fusion categories (with 
additional conditions on the target category) is fully faithful. As byproducts, 
we provide new proofs to some important known results in fusion categories. 


Contents 


1. Introduction 

2. Preliminaries 

2.1. Rigid monoidal categories 

2.2. Tensor product of module categories 

2.3. Multi-tensor categories 

2.4. The center of a monoidal category 

2.5. Structure of multi-tensor categories 

2.6. Monoidal modules over a braided monoidal category 

2.7. Criterion of rigidity 

3. The center functor 

3.1. Functoriality of center 

3.2. An alternative approach to a monoidal functor 

3.3. Fully-faithfulness of the center functor 
References 


11 

El 

El 

El 

m 

El 

nni 

m 

M 


M 


M 

M 

HU 



1 



2 


THE CENTER FUNCTOR IS FULLY FAITHFUL 


1. Introduction 


It is well known in classical algebras that the notion of center is not functorial 
unless we consider only simple algebras. Recent development in physics [DKRII 
IDKR 21 iKol IKWZ] . however, suggests that this rather trivial functoriality of center 
for simple algebras becomes highly non-trivial for a categorical analogue of the 
simple algebra, if we also modify the morphisms in the target category properly. 

In this paper, we prove that the notion of center (or Drinfeld center) defines 
a symmetric monoidal functor 3 from the category !M‘Jen)5“^ of indecomposable 


multi-tensor categories over a field k (see Definition 2.3.31 with morphisms given by 


bimodules to the category STenfc of braided tensor categories with morphisms given 


by monoidal bimodules (see Definition 2.6.1). More precisely, for C,® € MTen™'^ 


and a C-®-bimodule M, the center functor 3 is defined by C !->■ 3(C) and M i-7> 3(M), 
where 3(^) := Fune|ii(M, M) is the category of C-®-bimodule functors. 

A multi-tensor category can be regarded as a categorical analogue of a semisimple 


algebra as illustrated in the following dictionary (see Definition 2.3.3). 


finite monoidal category 

finite-dimensional algebra 

multi-tensor category 

semisimple algebra 

indecomposable multi-tensor category 

simple algebra 


For our purpose, we need develop the theory of multi-tensor categories in many 
directions. In particular, we will study the theory of the tensor product over a 
monoidal category in details in Section |2.2||^ and that of the tensor product over 
a braided mul ti-tensor category in Section ® After all these preparations. 


in Section 


3.1 


we prove that 3 


MTen“‘i 


23Tenfc is a well-defined symmetric 


monoidal functor. 

For physical applications of this center functor [KWZj . one needs to consider 
semisimple multi-tensor categories, also called multi-fusion categories [EN02| . Let 
MJus™'^ be the subcategory of MTen)3‘^ consisting of indecomposable multi-fusion 
categories and semisimple bimodules and S^us^' the subcategory of 'BTeiifc consist¬ 
ing of nondegenerate braided fusion categories and closed multi-fusion bimodules 


(see Definition 2.6.1 and Definition 3.3.5). In Section 3.3 we prove that the center 
functor 3 : M5us^ — >■ ®lFus^^ is fully faithful. Our proof of the fully-faithfulness 
is inspired by the physical intuition of the boundary-bulk relation in topological 
orders |KWZ| . Mathematically, it amounts to the following logical steps: (1) for 
a closed multi-fusion 3(C)-3(®)-bimodule £, we show that C Kl 3 (e) £ KI 3 (d) 
is a multi-fusion category with a trivial center; (2) a multi-fusion category with a 
trivial center is equivalent to the category Funi(;(M, M), where k is the category of 
finite dimensional vector spaces over a field k and M is certain semisimple finite 
module category M over k (see Definition |2.3.5[ ); (3) £ determines a unique G-T>- 
bimodule structure on M; (4) £ i—>■ M gives the inverse map of 3 on morphisms. 
This completes the proof. 

The fully-faithfulness of 3 immediately implies two important known results in 
fusion categories: (1) two fusion categories 6 and D are Morita equivalent if and 
only if 3(C) 3(®) |Mul IEN03] : (2) there is a group isomorphism between the 

group of the equivalence classes of invertible C-C-bimodules and the group of the 
equivalence classes of braided auto-equivalences of 3(C) |EN04| . As byproducts, 
our proof of the fully-faithfulness of 3 provides new proofs to above two results and 
also slightly generalize them. 
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Besides our main results, a few notable new results are the explicit equivalences 
between different realizations of the tensor product over a monoidal category (The¬ 
orem 2.2.3 Corollary 2.2.5 Proposition 2.2.6), the criteria of rigidity (Proposition 


2.7.4 Corollary 2.7.5), an alternative and equivalent definition of a monoidal func¬ 


tor (Theorem 3.2.2) and Theorem 3.3.6 


Acknowledgement: LK was supported by NSFC under Grant No. 11071134, and 
by the Center of Mathematical Sciences and Applications at Harvard University. 
HZ is supported by NSFC under Grant No. 11131008. 


2. Preliminaries 

Given left modules M, N over a monoidal category C, we use Fune(M, N) to 
denote the category of C-module functors F : M —>■ N which preserve finite colimits 
throughout this paper. We remind readers that a functor between abelian categories 
preserve finite colimits if and only if it is right exact. 

2.1. Rigid monoidal categories. In this subsection, we recall some basic facts 
about the rigidity of a monoidal category and set our notations. 

Let C be a monoidal category. We say that an object a G C is left dual to an 
object & G 6 and b is right dual to a, if there are a unif i.e. a morphism u : 1 —>■ b®a^ 
and a counit, i.e. a morphism u : o G 6 —^ 1, such that the composed morphisms 

^ Ida , i;0lda 

a ~ a G 1-^ a G 0 G a-)■ 1 G a ~ a 

6 ~ 1 G 6 5 G a G & 6 G 1 — & 

are identity morphisms. We also denote a = b^ and b = a^. 

We say that C is rigid, if every object has both a left dual and a right dual. In 
this case, taking the left dual determines an equivalence 

jL . g ^ gop^ ^ ^ 

and taking the right dual determines an equivalence 

jR . g ^ gop^ ^ ^ 

Remark 2.1.1. Let C be a rigid monoidal category and M a left C-module P. 
Then the functor a Q — : M —>• M is left adjoint to Q — and right adjoint to 
Q — for a G C. Therefore, the action Q : C x M —>■ M preserves all limits and 
colimits in the second variable. In particular, the tensor product G : C x C —)■ C 
preserves all limits and colimits separately in each variable. 

Given a left module M over a rigid monoidal category C, the opposite category 
admits two natural right C-module structures, which we denote by and 

respectively. More precisely, for x G M, a G C, we have 

(M°Pl^,Q'^): xQ^a:=a^Qx, 

(M°Pl^,Q'^): xQ^a:=a^Qx. 

Let C be a monoidal category. We use Alg(C) to denote the category of algebras 
in C. Given algebras M,N in C, we use LModM(C), RModAr(C) and BModM|Ar(C) 
to denote the category of left M-modules, right Wmodules and M-A-bimodules in 
C, respectively. Note that LModAr(C) is automatically a right C-module and that 
RMod 7 v(C) is a left C-module. 
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Remark 2.1.2. Let C be a rigid monoidal category and let M be an algebra in 
C. Given a right M-module V G RModM(C), the action V ® M adjoints to a 
morphism M —>■ which endows with the structure of a left M-module. 

Therefore, the functor 5^ induces an equivalence RModM(C) — LModM(C)^l°P of 
left C-modules. 

Similarly, given a right M-module V G RModM(C), the action V G M —>• R 
adjoints to a morphism 0 —?■ which endows with the structure of a 

left M^-^-module. Therefore, the functor 5^ induces an equivalence RModM(C) — 
LModMii.(C)^'°P of left C-modules. 


Definition 2.1.3. Let C be a monoidal category and M a left C-module. Given 
objects x,y G M, we define an object [a;, y] G C, if exists, by the mapping property 

Home (a, [x,y]) ~ HomM(a © a:, y), 

and refer to it as the internal horn between x and y. We say that M is enriched in 
C, if [cc, y] exists for every pair of objects x,y gM. 

Remark 2.1.4. If M is enriched in C and if a, 5 G C admit a left dual, then we 
have a canonical isomorphism for x,y G M, 

a0 [x,y]0 [bQ x,aQ y], (2.1) 

Actually, we have Home(c, a© [a, y] © b^) ~ Home(a^ 0c0b, [x, y]) ~ HomM(a^© 
cQ b Q x,y) ~ HomM(c QbQ x, a Qy) ~ Home(c, [bQ x, a Qy]) for c G C. 

Remark 2.1.5. The identity morphism Ida, : x ^ x induces a morphism 1 —)■ [x, a]. 
Moreover, the natural map Home(a, [a, y]) x Home(6, [y,z]) ~ Hom]vt(a & x,y) x 
Homjv[(^©y, z) -G Hom 3 vt(^'©a©a;, z) ~ Home(&©a, [x, x]), determines a canonical 
morphism {y,z\ © [x,y] -G [x^z] if we set a = [x,y] and b = [y,z\. It follows that 
[x, x] is an algebra in C and [x, y] is a right module over [x, a;] (see for example [0]b 


Lemma 2.1.6. Let C be a rigid monoidal category that admits coequalizers, and 
M = RModM(C) for some algebra M G Alg(C). Then M is enriched in G and we 
have [x, y] ~ {x ©m y^)^ for x,y G M. 


Proof. We have Home (a, (a: ©M — Home(a©a:©My^, 1) 
where we have implicitly used the fact that the tensor functor ( 
(recall Remark 2.1.11. 


~ HomM(a©a;,y), 
D preserves colimits 
□ 


Theorem 2.1.7. Let G be a rigid monoidal category) that admits coequalizers, and 
let M. be a left G-module that admits coequalizers. Then M ~ RModM(C) for some 
algebra M G Alg(C) if and only if the following conditions are satisfied. 

(1) M is enriched in G. 

(2) There is an object P G M. such that the functor [P, — ] : M — >■ C is conser¬ 
vative and preserves coequalizers. 

In this case, the functor [P, — ] induces an equivalence M ~ RMod[p_p](C). 


Proof. Necessity. (1) is given by Lemma 2.1.6 The object M satisfies (2) because 
[M, —] is just the forgetful functor, which is obviously conservative and preserves 
colimits. 

Sufhciency. By definition, the functor P = — ©P:C—J-Mis left adjoint to the 
functor G = [P, —] : M —>■ C. Applying the Barr-Beck theorem, we see that the 
functor G exhibits M monadic over C. Since C is rigid, we have GoF = [P, -©P]~ 
— © [P, P] by Remark 2.1.4 Therefore, we conclude that M ~ RMod[p ,p](e). □ 
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Remark 2.1.8. From the proof we see that the sufficiency of Theorem |2. 1 . 7| still 
holds if we drop the rigidity of C but require [P, — © P] ~ — 0 [P, P] in Condition 
( 2 ). 

2.2. Tensor product of module categories. The preserving-finite-colimit con¬ 
dition in the following definition is inspired by Lurie’s tensor product of presentable 
categories [Q (see similar definitions in [Tl IEN041 IBB,T| L 

Definition 2.2.1. Let C be a monoidal category, M a right C-module and FI a left 
C-module. Suppose that the categories 6, M, admits finite colimits and that the 
functors ©:CxC—©:MxC—and © : C x IN' —>■ 3\r preserves finite colimits 
separately in each variable. 

A balanced G-module functor is a functor P : M x Isl —>■ D equipped with an 
isomorphism P o (© x Id^) — F o (Mm x©) : MxCxAf T> satisfying the 
following conditions: 

• P preserves finite colimits separately in each variable. 

• For a, b € C, X € M, y € Ibl, the evident diagrams 

F{x,y) 


F{x © 1, y) -2^-^ F{x, 1 © j/) 




P((x Q a)Qb, y) > F{x Q a,bQy) —21^ F{x, aQ {bQ y)) 


F{x © (a © b), y) -2^- F{x, {a®b)Q y) 

are commutative. 

We use Fung“*(M, Isl; V) to denote the category of balanced C-module functors P : 

M X Ivf D. 

The tensor product of M and Af over C is a category M Klg FI, which admits all 
finite colimits, together with a balanced C-module functor Klg :MxFf— 
such that, for every category 2), which admits all finite colimits, composition with 
Klg induces an equivalence Fun(M Klg Ff, T>) ~ Fung“^(M, IN'; D). 

Remark 2.2.2. It is worthwhile to remind readers the usual universal property of 
the tensor product as illustrated in the following commutative diagram: 


M X Ff-^M^e 



a!F 

B 


for P e Fun^“'(M,>f;I)). 

Theorem 2.2.3. Let G be a monoidal category such that C admits finite colimits 
and the tensor product © : C x C —>■ C preserves finite colimits separately in each 
variable. Let M = LModM(C), M' = RModM(C) and FT = RModAr(C) for some 
algebras M,N in C. We have the following assertions: 
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(1) The balanced C-module functor M x !N —BModM|Af (C) defined by (x, y) i—>■ 
a: 0 y exhibits BModM|Ar(C) as the tensor product M Klg 

(2) The balanced G-module functor M x DNf —>■ Fune(M',3Nf) defined by {x,y) i—>■ 
— ( 8 )m a: 0 y exhibits Fune(M', N) as the tensor product M Klg 


Proof. Since any functor F € Fune(M',[N') preserves coequalizers, we have canoni¬ 
cal isomorphisms F{—) = F{—®mM) ~ —®mF{M), where F{M) S BModM|iv(C)- 
As a consequence, we have a canonical equivalence BModM|iv(C) — Fung(M', AT) 
defined by z i—)■ — z. Then it is clear that (2) follows from (1). It remains to 
prove ( 1 ). 

Our assumptions on C and O imply that BModM|Af (C) admits finite colimits. Let 
F iMxAf—J-Dbea balanced C-module functor where D admits finite colimits. 
We construct a functor G : BModM|Ar(C) —t'Das follows. Given a bimodule 
V € BModM|Ar(C), note that V ~ V(^nN is the coequalizer of the evident diagram 
V(S}N(SiN^V(S}N. We set G{V) to be the coequalizer of the evident diagram 
F(y,Ni^ N) =1 F{V,N). Given a bimodule map F —)■ y', we have an induced 
morphism G{V) —>■ G(V') such that G is a functor. By the construction of G and 
our assumptions on G and F, we obtain that G preserves finite colimits. Thus we 
obtain a functor Fung“*(M, IN'; D) —)• Fun(BModM|Ar(C), D). 

It remains to identify F{x, y) with G{x G y) for cc S M and y G IM. Actually, by 
our assumption on F, G{x®y) can be identified with the coequalizer of the evident 
diagram F{x^ y ® N ® N) =| F{x, y ® N), which is nothing but F{x, y). □ 


Remark 2.2.4. Results similar to Theorem 2.2. 3| have appeared earlier in various 
frameworks (see for example [EN041IDSSI 111 IBBJl IDNj b 


Corollary 2.2.5. Let G be a rigid monoidal category which admits finite colimits. 
Assume M = RModM(C), Af = RModAr(C) for some algebras M, N in C. 

(1) The balanced G-module functor x AT — >■ Fune(M, AT) defined by 

{x,y) ^ [-,a;]^©y 

exhibits Fune(M, AT) as the tensor product Klg A'. 

(2) We have a natural isomorphism 

Homjvtop|i,gigj^(a: Klg y,x' Klg y') ~ Home(l, [y,y'] © [x ,x\) 
for X, x' G M°P and y, y' G Af. 

(3) The formula x Klg y ^ y Klg x determines an eguivalence Klg A' ~ 

{'N°pF M)°P. 


Proof. (1) By Remark 


2 . 1.2 


x^ defines a canonical equiv alence of right G- 

and Lemma 


2.2.3 


modules M°pI^ = RModM(C)°Pl^ ~ LModM(C)- Using Theorem 
| 2 . 1 . 6 [ we obtain the following canonical equivalences: 

M°Pl^ Kg A- ~ BModMiJv(e) cx Fung(M, Tf) 

x^eyi->-x^ 0 yi->. - x^ ®y = x]^ ® y. 


( 2 . 2 ) 


(2) We have HomM°pKieJM(a;^ey,a:'^ey') - HomBModM|«(e)(2; Gy,a:'^Gy') - 
Homg(a;' ©m ® y®N y'^, 1) Homg(l, [y,y'] © [x',x]). 


(3) By Remark 


2 . 1.2 


the functor x i-G x^ defines the canonical equivalence 


M°Pl^ ~ LMod^ii-(C). We obtain the following canonical equivalences: 

M°Pl^ Kg A- ~ BModMii|iv(e) A BModAr|M(e)°P ~ (A'°pI^ Kg M)°p 
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defined hy xMq y ^ ® y ^ [x^ ® y)^ = y^ ^ x y x. 


□ 


Proposition 2.2.6. Let G be a rigid monoidal eategory which admits finite colimits. 
Assume M = RModM(C), = RModAr(C) for some algebras M, N in 6. If taking 
right adjoints defines an equivalence between Fune(3Nf, M)°p and Fune(M, 3Nf), then 
the balanced G-module functor M°Pl^x3sr —>■ Fune(!M, ^ST) defined by {x,y) i—>■ [cc, —]© 
y exhibits Fune(M,fN') as the tensor product Klg JvT. 


Proof. By (3) in Corollary 2.2.5 we have 

M°Pl^ Ke ^ M)°P ~ Fune(?^, M)°p 


Fune(M,N) 


where the third equivalence is defined by taking right adjoint. Note that these 
equivalences map the object x Klg y € M°pI^ Klg 3\f as follows: 

xMey^yMex^[-,yfQx^ ([-, yf © x)^ 

where ([—, y]^ © x)^ is the right adjoint of the functor , y]^ Q x G Fune(lN', M). 
It remains to prove that 

(l-,y]^Ox)^ [x,-]Oy. (2.3) 


Without loss of generality, we may assume M = RModM(C) and N = RModAr(C) 
for some algebras M,N G Alg(C). For m G M,n G N, we have the following 
canonical isomorphisms 

HomM([n, y\^ © x, m) ~ HomM(n. ©at y^ © ai, m) 

~ Home(n ©jv y^ ® x ©m 1) ~ Homj^(n, (y^ © x ©m m^)^) 

~ HomAf(n, (a; ©m © y) ~ Homj^(n, [x, m] © y). 


where we have used Lemma |2.1.6 in the first and the last step, 
[a:, —] © y is right adjoint to , y]" © x, as desired. 


This shows that 
□ 


2.3. Multi-tensor categories. Let A: be a field. We denote by k the category of 
hnite-dimensional vector spaces over k. We will denote M N simply by M Kl N 
for k-modules M, N when k is clear from the context. We recall some notions from 

|ECN()| . 

Definition 2.3.1. By a finite category over k we mean a k-module 6 which is 
equivalent to RModH(k) for some finite-dimensional /c-algebra A. By a k-linear 
functor between finite categories over k we mean a right exact k-module functor. 

Remark 2.3.2. An intrinsic description of a finite category is a fc-linear abelian 
category such that all morphism spaces are finite dimensional, every object has 
finite length, and it has finitely many simple objects, each of which has a projective 
cover. 

Definition 2.3.3. A finite monoidal category over fc is a monoidal category G such 
that C is a finite category over k and that the tensor product © : 6 x 6 —>■ 6 is 
a balanced k-module functor. A multi-tensor category is a rigid hnite monoidal 
category. A tensor category is a multi-tensor category with a simple tensor unit. 
We say that a multi-tensor category is indecomposable if it is neither zero nor the 
direct sum of two nonzero multi-tensor categories. 
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Remark 2.3.4. In [EGNO| . a multi-tensor category is called a finite multi-tensor 
category. We omit “finite” for simplicity. In [EGNOl Definitiond.l.I], k is assumed 
to be algebraically closed, in this case, the notion of a tensor category defined above 
coincides with that of a finite tensor category in |EGNOj . 

Definition 2.3.5. Given a finite monoidal category C, we say that a left C-module 
M is finite if M is a finite category and the action C x M —>■ M is a balanced 
k-module functor. The notions of a finite right module and a finite bimodule are 
defined similarly. 

Lemma 2.3.6. Let C be a finite monoidal category and M a finite left C-module. 
Then M is enriched in C. 


Proof. The functor HomM(— © x,yy : 6 —k, where represents the dual vector 
space, is right exact for x,y G M, hence, a functor in Funk(C,k). By Corollary 
2.2.5[ I), the assignment a i-)- Home(—, defines an equivalence C°p ~ Funk(C, k). 
Therefore, HomM(—© ai, i/)'^ is representable. Namely, [x,y\ exists. □ 


Proposition 2.3.7. Let C be a multi-tensor eategory and M a finite left C-module. 
We have M ~ RModM(C) for some algebra M in 6. 


Proof. Assume M = RModH(k) and C = RModB(k). According to Lemma 2.3.6 
M is enriched in C. In particular, the functor [A, —] : M —?> C is well defined. 
The functor Home(l, [A, —]) ~ Hom]vt(A, —) ~ Homk(A:, —) is conservative, thus 
[A, —] is also conservative. Let F : C —> k be the forgetful functor. The functor 
F([A, —]) ~ Home(R, [A, —]) ~ HomM(A, 0 —) ~ Homk(fc, © —) is exact, 
hence [A, —] is exact. Applying Theorem [2.1.7 we establish the proposition. □ 


Lemma 2.3.8. Let C be a finite monoidal category and M,N algebras in C. Then 
BModM|Ar(C) ‘Is a finite category. In particular, LModM(C) an-d RModAr(C) are 
finite categories. 


Proof. Assume C = RModH(k). The functor HomBMod„ijv(e)(-^ 0 A 0 N, —) ~ 


Home(A, —) ~ Homk(A:, —) is exact and conservative. Then apply Theorem 2.1.7 


□ 


Corollary 2.3.9. Let C be a multi-tensor category, M and NT finite right and left 
C-modules, respectively. Then M Klg N is a finite category. 


Proof. Combine Theorem 2.2.3 Proposition 2.3.7 and Lemma 2.3.8| 


□ 


Remark 2.3.10. Proposition [2.3.7] and an equivalent statement of Corollary [2.3.9| 
were proved in |EOj for M, NT being exact modules. 


Remark 2.3.11. The universal property of the tensor product Klg can be enhanced 
to the fc-linear setting as illustrated in the following commutative diagram: 



for F G Fun^“'(M,N;I)). 
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Proposition 2.3.12. Let G, G' he finite monoidal categories and M = RModM(C), 
3sr = RModjv(C), M' = RModM'(C'), INf' = RMod 7 v'(C') for some algebras M,N € 

Alg(e), M',N' e Alg(e'). 

(1) The formula {V, V) ^ V MV determines an equivalence 
At K JVt^ — R]VIodj\^^7VL^ (G ^ C^) . 


(2) The formula ((/>, fj) f M determines an equivalence 

Fune(M, A') K Fung/ (M', A'') ~ Fune^g, (M K M', N K AT'). 


Proof. (1) In view of Corollary 2.3.9 the categories M Kl M', C Kl M' are well- 
defined. Let G : RModMKiM'(C Kl S') —>■ C Kl S', G" : M Kl M' —C Kl M' and 
G" : CKIM' —)• CKIC' be the forgetful functors, and let F, Ff F" be their left adjoints, 
respectively. Clearly, G, G', G" are exact and conservative. Applying the Barr-Beck 
theorem, we see that the functors G and G" o G' exhibit RModMKiM'(C ^ G') and 
M Kl M' monadic over C Kl C', respectively. Then we obtain the desired equivalence 
from the isomorphism of monads G o F ~ (G" o G') o (F' o F"). 

(2) By using the same argument, we deduce an equivalence BModM|Ar(C) ^ 
BModM'|Ar'(C0 — BModMKlM'|AfKIAr'(C ^ 


2.4. The center of a monoidal category. Recall that the center (or Drinfeld 
center or monoidal center) of a monoidal category C, denoted by 3(C), is the cat¬ 
egory of pairs {Z, z), where Z G G and z is a half braiding for Z (see for example 
[Mil US])- The category 3(C) has a natural structure of a braided monoidal cate¬ 
gory. Moreover, 3(C) can be naturally identified with the category of C-C-bimodule 
functors of C. 


Remark 2.4.1. Let C be a monoidal category. We use to denote the monoidal 
category which has the same underlying category C but equipped with the reversed 
tensor product a b ■.= b tSi a. If C is a braided monoidal category with a 
braiding fa.b '■ a® b ^ b ® a for a,b G C, then we equip C''®'' with the braiding 
Note that a half-braiding in a monoidal category C is identical to 
the inverse of a half-braiding in 6“'®''. Consequently, we may simply identify 


3(e^®") = 3(c)^ 


Remark 2.4.2. If C is a rigid monoidal category, then 3(C) is also rigid. Actually, 
Fune(C, C) ~ C“'®'' is rigid, hence closed under taking left and right adjoint. It 
follows that 3(C) ~ Fune|e(C,C) is closed under taking left and right adjoint, 
hence rigid. 


Definition 2.4.3. Let C and D be two monoidal categories and M a C-D-bimodule. 
We say that M is invertible if there is a 'D-C-bimodule Af and equivalences MKId AT ~ 
C as C-C-bimodules and AfKIg M ~ 2) as D-lD-bimodules. If such an invertible C- 
■D-bimodule exists, C and D are said to be Morita equivalent. 

The following proposition was proved in p imiENOl] . 

Proposition 2.4.4. Let C, 2) he monoidal categories and M an invertible G-D- 
bimodule. Then the evident monoidal functors 3(C) —>■ Fune|D(M, M) ■<— 3(23) are 
equivalences. Moreover, the induced equivalence 3(C) ~ 3(23) preserves braiding. 
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Lemma 2.4.5. Let G be a multi-tensor category. Regard G as a left G^G'^’^^-module. 
We have a canonical isomorphism 

[a 0 c (g) d] ~ (c Kl d) (g) [ 1 , 1] g Kl b^) 

m CK C®'' fora,b,c,de G. 

Proof. This is immediate form Remark |2.1.4l because aMb and cMd admit a left 
dual in eS C®''. □ 


Lemma 2.4.6. Let G be a multi-tensor category. Then G ~ RMod[i^i] (C Kl 6'^®''). 


Proof. Note that the functor [1,—] : G —>■ C Kl C'®'' is exact and conservative. 
Moreover, [ 1 , — © 1 ] ~ ® [ 1 , 1 ] by Lemma 2.4.5 Then apply Theorem 2.1.7 and 

Remark 12.1.81 □ 


Proposition 2.4.7. Let G and CD he multi-fusion categories. We have 

( 1 ) 3(e©D)~3(e)©3(B). 

(2) The evident embeddings 3(C))3(®) ^ 3(CKI T)) induces an equivalence of 
braided monoidal categories 3(6) ^ 3(2?) — 3(6 Kl T>). 


Proof. (1) is obvious. (2) follows from Proposition 2.3.12 and Lemma 2.4.6 (recall 
that 3(6) ~ Funeg]erav( 6 , 6 )). □ 


Remark 2.4.8. In view of Lemma [2.4.5[ there is a canonical isomorphism tpc '■ 
(1 Kl c) © [1,1] — [l,c] ~ (c Kl 1) © [1,1] for c G 6 . Note that fic induces an 
isomorphism ([1, 1] © a) © c —>■ c© ([1,1] © a) for a G G, thus equips [1,1] © a with 
a half-braiding, so as to promote [ 1 , 1 ] © o to an object of 3 ( 6 ). 


Proposition 2.4.9. Let G be a multi-tensor category. The forgetful functor f){G) —>■ 
6 is right adjoint to a i—>■ [ 1 , 1 ] © a. 


Proof. Let u : 1 Kl 1 — )• [1,1] be the unit of the algebra, and let n : [1,1] © 1 — )• 1 
be the canonical morphism. The unit map a ~ (1 Kl 1) ©a2^[l,l]©a, aee 

and the counit map [ 1 , 1 ] © 6 6© ([ 1 , 1 ] © 1 ) b, b G 3 ( 6 ) exhibit the 

forgetful functor 3 ( 6 ) 6 right adjoint to a i-)- [ 1 , 1 ] © a. □ 


Proposition 2.4.10. Let G be a multi-tensor category. There is a canonical iso¬ 
morphism ([a, 6 ] 3 (e) © c)^ — [a^, c^jegigrev © b^ for a,b,c G 6 . 


Proof. We have Hom3(e)([a, x) ~ Hom3(e)(a;^, [a, 6]3((3)) ~ Homg(a©ai'^, &) ~ 

Home(6'^ © a,x) for x G 3 ( 6 ). So, [a, ~ [l,l]egierav © (6^ © a) by Propo- 

It follows that ([a, 6]3(e) © c)^ ~ ([1, l]eKie™'' © © a)) © c-^ ~ 

1, l]eKie™'' © (1 ^ a)) Qb^ [a^, c^]eKie"'' © where we used Lemma 
|2.4.5| in the last step. □ 


sit ion 
{{imc- 


2.4.9 
xpr 


2.5. Structure of multi-tensor categories. 


Theorem 2.5.1. Let G be a multi-tensor category. We have the following asser¬ 
tions: 

(1) The unit object 1 of G is semisimple. Assume 1 = ©jg^ with ci simple. 
Then Ci ® Ci Ci ~ ef and Ci © Cj ~ 0 for i ^ j. 

(2) Let Gij = ei0G0ej. Then 6 ~ ©i^^gA Gij and G^j © Gji C Gu. 

If, in addition, 6 is indecomposable, then we have 


















THE CENTER FUNCTOR IS FULLY FAITHFUL 


11 


(3) Gij 9 ^ 0 for all i,j G A. 

(4) The tensor product of C gives a Cu-Gu-bimodule equivalence Gij Klg .. Cji ~ 

Gil- 

(5) Gij is an invertible Ga-Gjj-bimodule. 

(6) For each i G A, invertible Ga-G-bimodule. 

(7) For each i G A, we have a canonical braided monoidal equivalence 3(C) ~ 

3(e..). 


nonzero a G Gij and b G Gji. Then Home(a(8)&, 
contains the nonzero composed morphism ® a 


Proof. (1) Let e be a simple subobject of 1. Then is a simple quotient of 1. Since 
the counit map e 0 —>■ 1 is nonzero, e® is nonzero. So, the induced injective 
map e 0 ^ 1 0 ~ must be an isomorphism. Similarly, 0 e ~ e^. By 
considering the unit map 1 —^ e^( 8 )e, we obtain e ~ e^( 8 )e ~ e®e^. Consequently, 
e 0 e ~ e ~ e^. Moreover, the composed map e 1 ^ is nonzero, because 
tensoring with e obtain an isomorphism. This shows that e is a direct summand of 
1, thus 1 is semisimple. Note that tensoring with e annihilates all simple summands 
of 1 other than e. We obtain a 0 Cj ~ 0 for i ^ j. 

( 2 ) is a consequence of ( 1 ). 

(3) We introduce a binary relation on A defined by i ^ j if Gij 9 ^ 0. We first show 
that ^ is an equivalence relation. Clearly, ^ is reflexive. Moreover, ^ is symmetric, 
because 5^ induces an equivalence Gij ~ Gji. Suppose i ^ j and j ^ 1. Choose 

~ Home(a^( 8 )a, which 

> Bj ^ b® b^. Thus a 0 6 9 ^ 0, 

i.e. i I. This shows that ~ is transitive. 

Since G is indecomposable, A can only have a single equivalence class. Therefore, 
Gij qk 0 for all i,j G A. 

(4) Assume Gji = RModH(k) and Gji = RMod_B(k). We define M = [A,A\q.. ~ 
A®A^ and TV = [B,B]q.. ~ B®B^. Then Gij ~ LModM(Cjj), Gji ~ RModAr(Cjj), 
and GijM^.. Gji ~ BModM|iv(Cii)- The forgetful functor G : BModM|Ar(Cjj) —)■ Gjj 
is right adjoint toF -. x^M®x®N. The functor G' : Gu -G Gjj, y 1 —>■ A®y®B^ 
is right adjoint to F' : x ^ A^ ® x ® B. Clearly, both G, G' are exact and 
conservative. Invoking the Barr-Beck theorem, we see that the functors G and G' 
exhibit BModM|Af(Gjj) and Gu monadic over Gjj, respectively. From the evident 
isomorphism of monads G o F ~ G" o F', we conclude that BModM|Af (Gjj) — Gu. 

Moreover, the composed equivalence Gij Gji ~ BModM|Ar(Gjy) ~ Gu carries 
X y to X ®y, which is clearly a Gii-Gn-bimodule functor. 

(5) follows from (4). 

( 6 ) Using a similar argument as the proof of (4), we deduce the equivalences 

(0jga Gii) (0fcgA Gfei) — Gu and ( 0fcgA G^) (0jgA Gjj) — G. 

(7) follows from ( 6 ) and Proposition 2.4.4| □ 


Remark 2.5.2. The parts (1)(2) of Theorem 2.5.1 was proved in |ECNO| under 
a weaker condition. 


Corollary 2.5.3. Let G be a multi-tensor category over an algebraically closed field 
k. We have 3(G) ~ k j/ and only if G 'Xi Funk(k"’, k") for some integer n> 1. 


Proof. We only need to prove the necessity. Note that G is indecomposable by 
Proposition 2.4.7[ 1). Suppose Home(l, 1) ~ A:". If C is a tensor category, then the 
forgetful functor F : 3(G) —G is surjective in the sense that every object a G G is a 
subquotient of some F{b) by Proposition 3.39 in m- This proves the n = 1 case. 
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For general n, by Theorem 2.5.1 and the n = 1 case, we obtain 6^- ~ k for all 1 < 
< n. Then observe that the monoidal functor C —)■ Funk(0"^^ Ciii©"=i 
given by the tensor product is an equivalence. □ 


2.6. Monoidal modules over a braided monoidal category. The following 
notions generalize that of a tensor category over a symmetric tensor category in¬ 
troduced in [DGNOl Definition 4.16]. 

Definition 2.6.1. Let C and D be finite braided monoidal categories. 

(1) A monoidal left Q-module is a finite monoidal category M equipped with a 

/c-linear braided monoidal functor t 3 (At). 

(2) A monoidal right D-module is a finite monoidal category M equipped with 
a fc-linear braided monoidal functor : T) —>■ 3(At). 

(3) A monoidal G-D-bimodule is a finite monoidal category M equipped with a 
A:-linear braided monoidal functor ipM. ■ Kl D —)■ 3 (At). 

A monoidal C-D-bimodule is said to be closed if is an equivalence. 


Remark 2.6.2. A monoidal right !D-module At is automatically equipped with a 
unital monoidal action M x 2) —)■ M induced by At x 3(At) —>■ At. Therefore, At is 
an ordinary right D-module, when we forget the braiding on T> and the monoidal 
structure on M. 

It is also useful to encode the data 0 m : D —t 3 (At) by the induced central functor 
/m : D —>■ At. That is, /m is equipped with a half-braiding fM{a)(^y 2/(8)/M(a) 
for a G D,y G M. such that Ca^b.y = {ca,y ® Id^) o (Ida (8)Cb_j,) and the following 
diagram 

fiviia) (g) fM{b) ——^ /M(a <g) b) 




fMiha,b) 


/m (fe) ® /m (a) t /m (b (g) a) 


is commutative. 


The following definition generalizes Definition 2.7 in |DNO) . 

Definition 2.6.3. Let D be a finite braided monoidal category and At, IN' monoidal 
right D-modules. A monoidal T)-module functor F : M —>■ iNf is a fc-linear monoidal 
functor equipped with an isomorphism of monoidal functors F o /m ~ /j,f : D —>• iNl 
such that the evident diagram 

F{fM{a)<S>x) > F{x (gi fM{a)) (2.4) 


/^(a) ® F{x) > F{x) (g) / 3 ^(a) 

is commutative for a G D and x G At. Two right monoidal D-modules are said to 
be equivalent if there is an invertible monoidal D-module functor A : DVt — > At. 

Remark 2.6.4. If M is a monoidal C-D-bimodule, then Jvt'^®'' is automatically a 
monoidal D-C-bimodule. 


Example 2.6.5. If C, D are finite monoidal categories and M is a finite C-D- 
bimodule, then the category Fune|ii(M, At) is a monoidal 3(C)-3(D)-bimodule (not 
a monoidal 3(D)-3(C)-bimodule). 
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Remark 2.6.6. In the language of i?n-algebras (see for example [L]), a monoidal 
category is an i?i-algebra in the symmetric monoidal oo-category of categories, 
while a braided monoidal category is an £' 2 -algebra, and a symmetric monoidal 
category is an i? 3 -algebra. The monoidal module defined here is an i?i-algebra over 
an i? 2 -algebra. Moreover, the Drinfeld center of a monoidal category is the center 
of an _Ei-algebra, and the Miiger center of a braided monoidal category is the center 
of an i? 2 -algebra. 


2.7. Criterion of rigidity. Let C be a braided multi-tensor category, M and Is! 
monoidal right and left C-modules, respectively. It is standard to show that 
has a canoncial structure of a monoidal category such that the canonical functor 
M Kl 3\r —)• M Klg 3M is monoidal (see [G]l. 

Definition 2.7.1 f |BD) ). An r-category is a monoidal category 6 with a tensor 
unit 1 such that C is enriched in itself and that the functor , 1] : C —>■ C°p is an 
equivalence. In this case, we will denote the functor [—,1] by 2). 

Remark 2.7.2. Let C be an r-category. Given an object a G 6, we have canonical 
morphisms u : 1 —>■ [a, a] and Va '■ 'Sa G a = [a, 1] G a — >■ 1- A morphism a 0 b 1 
induces a morphism a —>■ [6,1] = 

We start from the following criterion of rigidity: 

Proposition 2.7.3 ((BDj). Let G be an r-category. Then G is rigid if and only if 
the composed morphism {Db0’Da) 0 {a0b) 'J)b0l0b c:iDb0b ^ 1 

induces an isomorphism (fa,b '■ 2)^ 0 —>■ ®(a 0 b) for a, 6 G 6. 


Proposition 2.7.4. Let G be a braided multi-tensor category, M and monoidal 
right and left G-modules, respectively. Suppose that M,1N' are rigid. Then the finite 
monoidal category is an r-category. Moreover, the following conditions are 

equivalent: 

(1) The monoidal category M Klg iNf is rigid. 

(2) The tensor product o/M Klg [M is left exact separately in each variable. 

(3) The following equality holds for a, 5 G M Klg IN' 

length{a 0 b) — length{s{a) 0 s{b)) (2.5) 


where s(a) is the direct sum of the simple grading pieces of the decomposition 
series of a. 

(4) Equation (2.51 holds for a = a' Klg a", b = b' Klg 5" where a',b' G M, 
a'',b'' G 3M are simple. 


Proof. The formula x0q y ^ Klg i—>■ Kle y^ induces equivalences MKIg iNl ~ 
J<°P Ke ~ (M^e by Corollary [2(^3). M oreover, we have D^x Klg y) = 

2). So, MKIglsl is an r-category. 


2.2.5 


[X\29ey, lKlel]MKleN - x^^ey^ by Corollary 

(1) ^ (2) (3) ^ (4) are clear. 

(2) ^ (1). Since M, IN' are rigid, the induced morphism cfa.b '■ ^b 0 Da 
D{a0b) is an isomorphism if a, b lie in the essential image of the canonical functor 
MxlM—J-MKIelM. Since the tensor product of M Klg Isf is exact separately in each 
variable, both Db 0 Da and D{a 0 b) are exact in each variable a, b. So, (j)a,b is an 
isomorphism for general a,b. By Proposition |2.7.3j MKIe IST is rigid. 

(4) ^ (3). Since the tensor product of MKIg 71 is right exact separately in each 
variable, the direction < of (2.5) is always true. Moreover, when (2.5) holds, it still 
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holds if we replace a, b by their subquotients. Since the tensor products of M and 
iNT are both exact separately in each variable, Condition (4) implies that (2.5) holds 
whenever a, b lie in the essential image of the canonical functor M x K —)■ M Klg ^ST. 
So, (2.5) holds for general a,b. □ 


Corollary 2.7.5. Let G be a braided multi-tensor category, M and (N monoidal 
right and left G-modules, respectively. Suppose that M, (N are rigid. Then the finite 
monoidal category M KIg iNf is rigid if x KIg y is semisimple for simple objects a: G M 
and y G TS. 


Example 2.7.6. If C, D are multi-tensor categories over an algebraically closed 
field k, then 6 Kl 2) is also a multi-tensor category category. Actually, since k is 
algebraically closed, a; Kl j/ is simple for simple objects x G G, y G D. So, C Kl D is 
rigid by Corollary |2. 7. 5| 


Remark 2.7.7. Even when C, T) are multi-tensor categories, the finite monoidal 
category C Kl 2) may be not rigid. For example, let k' be a nonseparable extension 
of k. The finite monoidal category k' Kl k' is not rigid due to Theorem 2.5.1 and 
the fact that the unit object of k' Kl k' is not semisimple. 


3. The center functor 


In this section, we assume that k is an algebraically closed field. 


3.1. Functoriality of center. Given a multi-tensor category G with a tensor unit 
1, we use /g to denote the right dual of [1, l]grevg|g G Kl C. 

Given a left module M over a rigid monoidal category C, we use to denote 
the left C-module which has the same underlying category as M but equipped with 
the action a x = © x. Given a right module iNf over a rigid monoidal 

category C, we use to denote 

Lemma 3.1.1. Let G be a multi-tensor category and M,M' finite left G-modules. 
There is an equivalence 

e°Pl^ Kgrev^g Funk(M,M') ~ Fune(M,M'), (3.1) 

which carries Ig KIgrevgig f to LqQ f, and an equivalence 

e^g.evgigFunk(^^M,M') ~Fune(M,M'), (3.2) 


which carries Ig Klgrevgig f to LqQ f. 

Proof. By Corollary 2.2.51 (1) and the definition of Ig, we see that the composed 
equivalence 

KIgrevgig Funk(M, M') ~ Fungrevg|g(C, Funk(M, M')) ~ Fung(M,M') 

carri es Ig Klgrevg]g f \-g [—, Ig]^ © / 2‘g © /. Thus we obtain the first equiva lenc e 

(3.1). Then using the equivalence C ~ C°p, a >->■ a^, we obtain (3.2) from (3.1). 
Note that (3.2) carries IgKIgrevgig to /g © /. 


Remark 3.1.2. If N, N' are finite right C-modules, we have 

Kgsg^ev Funk(gi^;N,N') ~ Fune.ev(N,N'), 
which maps Igrev Klg^igrev g I— >■ /grev © g, oc cquivalcntly, 

Funk(Nf^,N') Kgrev^g e ~ Funer.v(N,N') 


□ 


(3.3) 


which maps g KIgrevgjg Ig i— >• /grev © g. 


(3.4) 
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Lemma 3.1.3. Let S,T> be multi-tensor categories, M a finite left G-module, a 
finite G-D-bimodule and CP a finite left D-module. There is an equivalence 

Fune(M, 3^) KId CP ~ Fune(M, CM KId CP), / KId y /(—) y. 

Proof. Using Corollary 2.2. 5[ 1) twice, we obtain a composed equivalence 

Fune (M, Jsf) CP ~ M°pI^ IP - Fune(M, CP) (3.5) 

([-,a;]''^ © x') KId y i-A a: Klg a:' KId y H> [-,a;]''^ 0 {x' KId y). 


By the universal property of Kle and KId, (3.51 carries / KId y to /(—) KId y. □ 


Lemma 3.1.4. Let A,'B,G,'D be multi-tensor categories and atCMg, yiMCp, 
ojCMCg finite bimodules. There is an equivalence 

Funyi(M,M') Fun®rev(^^>J',N') ~ Funyi|a 3 (M^e N') (3.6) 

defined by f Klgrevgie g^ leQ (/(-) Md y(-)). 

Proof. We first prove the Lemma for the special case ^1 = k = ®. We have the 
following composed equivalence: 

Funk(M, M') Funk(^e^M', ^M') 

~ e KlgKierev (Funk(M,M') Funk(^^?sf, CM')) 

~ C Klgrevgie Funk(^e'CM, Funk (CM, CM') KId CM') 

~ Fune(CM, Funk(M, M') KId CM') 

~ Fune(CM, Funk(M, M' KId CM')) 
cs Funk(M CM, CM' CM'), 
which carries objects as follows: 

/ Klgrev^lD y hA Ig Klgglerov (/ KId g) l-A Ig Klgrovg]g (/ Md g { — )) 

le Q if ff(—)) !-)• /e © (/(—) 5 (—)) leQ (/(—) g{—))- 


Here, we used Lemma [3.1.3| in the second and fourth steps, and used Lemma [3.1.1| 
in the third step. 



proof. □ 


Remark 3.1.5. The natural equivalence in ( |3.6[ ) induces a natural equivalence: 

Funyi (Mf M') Kg.evgii, Funs.ev (CM, M') ~ Funyi|® (CM Kg CM, CM' Kd CM') (3.7) 

defined by /Kgrevgm g i-a Jgrev © (/(—) Kd y(—)). Actually, it can be obtained from 
(3.6) by replacing A, CB, C, T) by their (—)''®'', respectively, exchanging the letter A 
with CB and exchanging the letter CM with CM. 


Lemma 3.1.6. Let G be an indecomposable multi-tensor category. The formula 
a K 3 (g) & i-A a © — © & defines an equivalence G K 3 (g) G ~ Funk(C, 6) as (3’'®'' K G- 
C"'®'" K G-bimodules. 
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Proof. Since C is indecomposable, by Theorem 3.27 in |EO| . there is a canonical 
monoidal equivalence 6“'®'' Kl C ^ Fun 3 (e)(C, C). The composed equivalence 


^3(6) 


<S"KIId 


e°pi^K3(e)e~Fun3(e)(e,e)~e-' 

h \r, 


carries a ^ 3 (e) b ^ ^ 3 (e) b !->■ [a^, —] 3 (e) O b [a, b^]^, where we have used 

Proposition 2.2.6 in the second step and Proposition 2.4.10| in the last step. 

The composed equivalence 


grev ^ g e°p K e ~ Funk(e, e), 

where the last equivalence is given by c Kl d i-A Home(—, c)^ © d, carries [a, b^]^ 
further to a functor /. Then we have 

Home(/(a;),y) ~ Homerevgie([a, 6^]^, Kl y) ~ Home(a© a; © b,y), 


i.e. / ~ a © — © 6. Note that a ^3(e) foi— to© — ©6isa C'^®'' Kl C-C®'' Kl C-bimodule 
functor. □ 


Theorem 3.1.7. Let C, I>,£ be multi-tensor categories, M,M' monoidal C-2)- 
bimodules andN, N' monoidal D-£.-bimodules. Assume D is indecomposable. The 
assignment f ^ 3 (d) g ^ f g determines an equivalence of f){G)-f){£,)-bimodules 

Fune|25(JVf, !M^) KI3 (d) Funj^jg (N, cs Fung|£ (DV[ 13 d N, 3d N^). (3-8) 

Moreover, when M = M' and N = N', ( |3.8[ ) is an equivalence of monoidal 3(C)- 
f){t)-bimodules. 


Proof. We have the following composed equivalence: 


Fune|D(M, M') 33 (D) FunD|£(N, N') 

~ Fune(MD‘^, M') 3D™vg|D T) 33 (D) T) 3Drevg]D Fun£rev 
~ Fune(MD^,M') 3Drevg|D Funk(T>,T>) 3Drovg|D Fun£rBv(^ 2 ^N, N') 
— Fung (3Vt 3 d T), JVC^ 3d 23) 3Drev^D Fun£rev 
~ Fung(M,M') 3D™vg]D Fungrev N') 

— Fung|£ (2Vf 3 d N, UVf^ 3 d 


where we have used (3.4) and (3.2) in the first step; Lemma 3.1.6| in the second 
step; ( |3.7[ ) in the third step; (3.6) in the last step. For /' S Fung(M,M'), g' G 
Fun£rev(N, N'), this composed equivalence carries 


(/Drev 0 /') 33 (D) {Id © g') 

(/ ^d-‘'’^kir Id) ^ 3 (d) (Id 3Drevg|D g ) 
t f' I^d^^kid IdD DrevgID g' 
i-A /d^'v © (/'(—) 3d IdD(—)) 3DrBvg]D g' 
l-A (/d^v © f) 3Drevg|D g' 

^ /d © ((/d- © /')(-) 3d g'{-)) 

= (/d- © /') 3d {Id © g') ■ 


Therefore, it must carry / 33 (D) g to / 3 d g. It is clear that it is also a 3(C)-3(£)- 
bimodule equivalence. 
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When M = M' and = 3^', the formula / g H> / KId g clearly defines 

a monoidal equivalence. Moreover, it is routine to check that the diagram (2.4) is 
commutative in this case. Therefore, the isomorphism defined in (3.8) is a monoidal 
3(C)-3(£)-bimodule equivalence. □ 


We introduce two categories MTen™'^ and 'BTen^ as follows: 

(1) The category MTen™'^ of indecomposable multi-tensor categories over k 
with morphisms given by the equivalence classes of finite bimodules. 

(2) The category (BTeufc of braided tensor categories over k with morphisms 
given by the equivalence classes of monoidal bimodules. 


In view of Example 2.7.6 both categories are symmetric monoidal categories under 


Theorem 3.1.8. The assignment C 3(C), Fun(;| 23 (M,M) defines a 

symmetric monoidal functor 3 : MTen™'^ —>■ (BTenfc. 


Proof. By Remark |2.4.2| and Theorem 3.1.7[ the functor 3 is well-defined. 
Proposition 2.3.12\2) and Proposition 2.4.7 3 is a symmetric monoidal functor. 


By 

□ 


Remark 3.1.9. The domain of 3 can not be generalized to decomposable multi¬ 
tensor categories. For example, let C = k 0 k, regarded as a k-C-bimodule and 
a C-k-bimodule. Note that Funk|e(C, C) Kl 3 (e) Fune|k(C, C) ~ 6 and Funk|k(C Klg 
e, e Kle C) ~ e © e do not match. 

3.2. An alternative approach to a monoidal functor. In this subsection, we 
provide an equivalent definition of a fc-linear monoidal functor. It is inspired by the 
notion of a morphism between two local topological orders introduced in |KWZ| . 

Let / : C —>■ D be a fc-linear monoidal functor between two finite monoidal 
categories C and D. It endows the category D with a canonical C-C-bimodule 
structure, denoted by /D/. The category Fune|e(C, D) has a natural structure of 
a monoidal category |GNN] which can be described as follows. An object is a pair: 

(d, /3_,d = {/(c) 0 d d 0 /(c)}cGe) 

where d G T) and /3c,d is an isomorphism in D natural with respect to the variable 
c S 6 and satisfying /3c',d o /3c,d = fic'®c,d- A morphism (d,/3) —)■ (d',/3') is defined 
by a morphism if ■. d ^ d' respecting j3c,d and /3' for all c S C. The monoidal 
structure is given by the formula (d, /3) 0 (d', /3') = (d 0 d', /3' o /3). 

It is not hard to see an object in Fune|i5(/2), fD) is also such a pair. Therefore, 
we simply identify these two monoidal categories: 

Fune|e(e, /D/) = Fungii,)/®, /©>). 

Lemma 3.2.1. Let / : 6 —> B 6e o k-linear monoidal functor from an indecompos¬ 
able multi-tensor category C to a finite monoidal category B. Then the evaluation 
functor G x Fune|e(C, B) —B, (c,j) i—>■ j(c) induces an eguivalence of monoidal 
right f){D)-modules 

G Kl3(e) Fune|e(C, /B/) ~ B. (3.9) 


Proof. This follows from Theorem |3.1.7| and the obvious monoidal equivalences 
Funk|e(C)C) — C and Funk|e(C, Bj) ~ B. □ 
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Let C and 2) be finite monoidal categories. We define two groupoids. One is the 
groupoid Fun®(C, CD) of A:-linear monoidal functors from C to 23 and isomorphisms 
between them. The other one FunP^(C, 23) is defined as follows: 

• An object / G FunP*'(C, 23) is a pair / = (/^°\ /^^^) where is a monoidal 
3(C)-3(23)-bimodule, and : C Kl 3 (e) f^^'> ^ 23 is an equivalence of 
monoidal right 3(23)-modules (recall Definition |2.6.3 1. 

• An isomorphism 4> : f ^ g in FunP^(C, 23) is an equivalence class of pairs 

(j) = where —>■ is an equivalence of monoidal 

3(C)-3(23)-bimodules and 

o (Ide Kl3(e)(/)^°^) ^ 
is an isomorphism, i.e. the following diagram: 


^ g(i) 


^3(e) 


/(O) 


f(i) 


(3.10) 


is commutative up to Two pairs 4’)^'^) for i = 1, 2 are equivalent 
if there is an isomorphism ip : —>■ such that o ip. 


Theorem 3.2.2. Let C be an indecomposable multi-tensor category and 23 a finite 
monoidal category. There is an equivalence between two groupoids Fun® (C, 23) and 
FunP*'(C, 23) defined by, for a monoidal functor / : C —>■ 23, 


/^/ = 


f(i) 


— Fune|e(C, fDf), C Kl3(e) Fune|e(C, /23y)->• 2) 


where /23/ is the G-C-bimodule structure on 23 induced from the k-linear monoidal 
functor / : C —>■ 23 and is given by the monoidal equivalence (3.9). 


Proof. Let ^ be an isomorphism between fc-linear monoidal functors from 

C to 23. Then /CD/ ~ ^23^ as C-C-bimodules canonically (simply by the identity 
functor). It further induces a monoidal equivalence : f^^^ ~ g^^^ and a natural 
isomorphism 


■ 3(c) - /(c) (g) j(le) g(c) g) j'(le) 

for c G C, j G Fune|e(C,/23/) such that the diagram (3.10) commutes up to (p^^'>. 
Therefore, we obtain a functor Fun® (6, 23) —)■ FunP^(C,23) that carries f to f and 
</)tO^=((^(0),^W). 

Conversely, let g G FunP*'(C, 23), i.e. 


g=ig^°\ 6^3(5) 5^°)^ 23), 

where g^^^ is a monoidal 3(C)-3(23)-bimodule and g^^'> an equivalence of monoidal 
right 3(23)-modules. Let lg(o) be the tensor unit of g)°). The functor x x Kl 3 (e) 
lg(o) defines a fc-linear monoidal functor C —)■ C ^ 3 (e) 9^^^- Then we obtain a 
composed fc-linear monoidal functor 
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Suppose we a re giv en an isomorphism (p : f ^ g in FunP^(C, 2)). Then we see 
from diagram (3.101 that induces an isomorphism of fc-linear monoidal functors 
(p : f ^ g, and it is clear that (p is independent of the representative of (p. Therefore, 
we obtain a functor FunP’'(C, 2)) —Fun®(C, 23) that carries g to g and carries (p to 

<p. 

Given a fc-linear monoidal functor / : C —> 23, the fc-linear monoidal functor 
(J) : e ^ “D is given by c c ^(3(2) l^yo) /(c) G /(le) /(c) for c G G. 

Therefore, we obtain a natural isomorphism (/) ~ /. 

Suppose g G FunP’'(C, 23). We need to show g ~ (g) to complete the proof. We 
have the following equivalences of monoidal 3(C)-3(23)-bimodules: 

~ 3 (e) ^3(0 5 ^°^ - Fune|e(e, C) ^3(5) g(°^ 

~ Fune|e(e, eKl 3 (e) 5 ^°^) - Fune|e(e,g2)g) = (g)^ \ (3.11) 


where we have used Lemma 3.1.3 in the third step. Let be the composed 

(3.12) 


isomorphism defined by (3.11). We claim that the following diagram: 

Id 


( 0 ) 


^3(e)0 


( 0 ) 


> e Kl 3 (e) Fune|e(e,g23g) 
( 1 ) 


/^(e) 9 


is commutative. Indeed, consider the following commutative diagram: 



e ^3(e) 9 


(0) 


Me 


e ^3(e) Fune|e(e, C) Kl3(e) g 


Me [ 


(0) 


'3(e) 


> e Kl3(e) Fungie(e,g23g) 

(e.g'^b 


(s) 


( 1 ) 


Fung 


->23 




> e Kl3(e) Fune|e(e, 6 Kl3(e) g(°)) —^ C Kl3(e) g^°"> 


:(i) 


where both {g) and 7 are defined by the equivalence (3.9); the commutativity 


of the left sub-diagram is just the definition of that of the right sub-diagram 
is obvious. Notice that the composition of the equivalences in the left column and 
those in the bottom row is nothing but the identity functor. Therefore, diagram 


(3.12) is commutative. 


It is routine to check that the isomorphism g ~ {g) given by the pair (/)^°\ld) 
is a natural isomorphism. □ 


Remark 3.2.3. It is useful to know how much of a fc-linear monoidal functor / is 
determined by /^°/ One can introduce an equivalence relation between monoidal 
functors in Fun®(C, 23): / ~ 5 if there is a /c-linear monoidal auto-equivalence 
h : 23 —>■ 23 such that / ~ hog. We denote the equivalence class of / by [/] and 
the equivalence class of /^°^ by [/^°^]. Then the map [/] !->■ is a bijection. 

3.3. Flilly-faithfulness of the center functor. In this subsection, we assume k 
is an algebraically closed field of characteristic zero. 

Definition 3.3.1. We say that a finite category C over k is semisimple if C ~ 
RModyi(k) for some finite-dimensional semisimple Ic-algebra A. A multi-fusion 
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category is a semisimple multi-tensor category. A fusion category is a multi-fusion 
category with a simple tensor unit. 

We need the following fundamental result about multi-fusion categories. 

Theorem 3.3.2. |EN02] Let G be a multi-fusion category and M, ?sf semisim¬ 
ple left G-modules. Then the category Fung(M,3Nf) is semisimple. In particular, 
Fune(M, M) is a multi-fusion category. 

Definition 3.3.3. We say that a braided fusion category C is nondegenerate, if the 
evident braided monoidal functor C'®'' Kl 6 —?► 3(C) is an equivalence; that is, the 
monoidal C-C-bimodule C is closed. 

Remark 3.3.4. We refer readers to [DGNO| for equivalent conditions of the non¬ 
degeneracy of a braided fusion category. 

Definition 3.3.5. Let C, T) be braided multi-fusion categories and M a monoidal 
C-D-bimodule. We say that M is a multi-fusion G-D-bimodule if M is also a multi- 
fusion category. 

Theorem 3.3.6. Let G, T>, £ be nondegenerate braided fusion categories and gAfi), 
closed multi-fusion bimodules. Then M KId is a closed multi-fusion G-£- 
bimodule. 


Proof. Note that M KId N ~ M Klgrevg]!) (C''®’^ Kl N), and C"'®'' Kl N is a closed multi- 
fusion C''®'' Kl D-C"'®'' Kl £-bimodule. Therefore, it is enough to prove the special case 
e = k and 2 ) = 3 (M). 

Let CP = 


^ ^3(M) 22. 


By Corollary 2.7.5 and Theorem 3.3.2 CP is rigid, and 


therefore CP is a multi-fusion category. Since D = 3(2VC) is a braided fusion cat¬ 
egory, the multi-fusion category CMC is indecomposable. Invoking Theorem |3.2.2[ 
we derive an equivalence of monoidal 3(CMC)-3(CP)-bimodules CM ~ Funjv[|M(2Vt, CP) = 
Fun]v[| 3 )(CP, CP). Then, by Corollary 3.35 in |EO| (see also 0), the canonical braided 
monoidal functor 3 (CMC’'' 
tion 3 ( 22 ) ~ 3 ( 2 Vt)"®'' K 
equivalence. 


Kl CP) —3(22) is an equivalence. Then, from the assump- 
£, we conclude that the canonical functor £ —>• 3 ( 2 ’) is an 

□ 


We introduce two categories CMCFus™'^ and CBCCFus|' as follows: 

(1) The category CMCFusJf'^ of indecomposable multi-fusion categories over k 
with the equivalence classes of nonzero semisimple bimodules as morphisms. 

(2) The category CBCPus^^ of nondegenerate braided fusion categories over k with 
the equivalence classes of closed multi-fusion bimodules as morphisms. 


Note that CMCFusJf'^ and CBCFus^^ are well-defined due to Theorem|3.3.2|and Theorem 


|3.3.6[ Both are symmetric monoidal categories under 


Theorem 3.3.7. The center function from Theorem 3.1.8 restricts to a fully faith¬ 


's Jnsf. 


ful functor 3 : 2 vfCPus™‘^ 

Proof. By Proposition 4.4 in |EN01| . the center of a fusion category is nonde¬ 
generate. Thus by Theorem 2.5.1[ 7), the center of an indecomposable multi- 
fusion category is also nondegenerate. This shows that the functor 3 is well- 
defined on objects. Let C, T) be indecomposable multi-fusion categories and M 
a nonzero semisimple C-2)-bimodule. Then the canonical braided monoidal functor 
3(6“'®'' Kl D) —>• 3(Fune|ii(M, M)) is an equivalence by Corollary 3.35 in [EOj . This 
shows that the 3 is well-defined on morphisms. 
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We complete the proof by showing the fully-faithfulness of 3 in three claims: 
Claim 1. The linear map 3 : Hom^y^gr^gind (k, k) —> Hom^gr^gc^k, k) is bijective. 
In fact, if £ is a closed muiti-fusion k-k-bimodule, i.e. 3(£) — k, then Corollary 
2.5.3 implies that £ ~ FuntikliMi for some nonzero semisimple category M. 
I'his shows that 3 is surjective. The injectivity of 3 is obvious. 

Claim 2. The linear map 3 : Homjy^gr^gind(C, k) —>■ Hom;ggr^gci(3(C), k) is bijective 
for an indecomposable multi-fusion category C. Let £ be a closed multi-fusion 
3(C)-k-bimodule. Note that 6 ~ Funk|e(C)C) represents a morphism k —>• 3(C) 
in 23Tus|b So, C Kl 3 (e) £ represents a morphism k —> k in lBTus|b Claim 1 then 
implies that C ^ 3 ( e) £ — Funi(;|k(?d, M) for some nonzero semisimple category M. 
Invoking Theorem 


3.2.2 


we obtain a fc-linear monoidal functor C —Funk|k(ilVt, M). 
Conversely, let M be a nonzero semisimple C-k-bimodule, regarded as a fc-linear 
monoidal functor C — )■ Funk|k(M, M). Theorem 3.2.2 says that there is a monoidal 
3(C)-k-bimodule £ and an equivalence C Kl 3 (e) £ ~ Funk|k(M, M)- Moreover, we 
may take £ = Fune|e(C,Funk|k(3Vt,M)), which is nothing but Fune|k(M,M), the 
image of M under the center functor. 

Theorem |3.2.2| states that these two constructions are inverse to each other, so 
we conclude the claim. 

ClaiTTi 3. The linear map 3 ■ (C, 2)) — )■ Hom2gr^gcl(3(C), 3(®)) is 

bijective for indecomposable multi-fusion categories C, 2). Actually, this map is 


equivalent to the map 3 : Hom^y^gr^gind 
which is bijective by Claim 2. 


(eK2)''«'',k) ^ HomBgr^gci(3(eK D*- 


0 ,k), 

□ 


Remark 3.3.8. For a fusion category C, it was known that there is a bijection 
between closed fusion modules over 3(C) and indecomposable semismiple C-modules 
[EN031lEN041[DMN0j . We give a new proof of this result and provide a conceptual 
framework to understand it. 


Note that every multi-fusion category is a direct sum of indecomposable ones. 
Combining Theorem |3.3.7| with Proposition |2.4.4| we obtain the following corollary. 

Corollary 3.3.9 pENOdp . Two multi-fusion categories C and T> are Morita equiv¬ 
alent if and only if f){Q) ~ 3(2?) as braided multi-fusion categories. 

Given a multi-fusion category C, we denote by BrPic(C) the group of the equiv¬ 
alence classes of invertible C-C-bimodules, and denote by Aut^’'(3(C)) the group of 
the isomorphism classes of braided auto-equivalences of 3(C). 

Corollary 3.3.10 l [EN04p . Let G be a multi-fusion category. We have BrPic(C) ~ 
Aut*'’'(3(C)) as groups. 

Remark 3.3.11. Etingof, Nikshych and Ostrik stated above two results in |EN031 
IEN04| only for fusion categories. But it is straightforward to generalize their results 
to multi-fusion categories. Our proof is different. Corollary |3.3.10| also holds for 
tensor categories m- 
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